Abstract-During swarm teleoperation, the human operator themselves may threaten the distance-dependent inter-robot communications and, with them, the connectivity of the swarm. To prevent the harmful component of the human command from reaching the slave swarm, this paper develops a constructive strategy to dynamically regulate the inter-connections of, and local damping injections at, the slave robots. The proposed explicit law for updating the control gains synchronizes the local master and remote swarm while preserving system connectivity. Lyapunov energy analysis shows that the proposed swarm teleoperation strategy stiffens the inter-robot couplings and increases damping injection so as to make the user command safe rather than to reject it entirely. Thus, the proposed control law enables the human operator to guide the motion of the swarm to the extent to which they do not endanger system connectivity. Simulations illustrate its ability to coordinate the master and slave swarm and maintain system connectivity.
I. INTRODUCTION
Fully autonomous multi-robot systems (MRS-s) have been extensively studied because they are more robust and flexible than single-robot systems [1] , [2] . Compared with autonomous MRS-s, semi-autonomous teleoperated swarms are partially controlled by human operators and, therefore, better suited for dealing with complex problems in unpredictable environments [3] . A first swarm bilateral teleoperation controller has connected the master and slave sides through velocitylike variables in [4] , [5] , and has steared bearing formations in [6] . A less conservative swarm teleoperator has decoupled the master and slave sides through virtual kinematic points in [7] . Maneuverability and perceptual sensitivity for three types of haptic cues has been studied in [8] . Time-varying density functions have improved the agility of human-swarm adaptive interaction for optimal coverage control in [9] . A virtual rigid body abstraction bridging the master and slave sides has enabled flying an arbitrary number of aerial robots with collision avoidance in [10] . Force exchanges between a human and a system of unmanned aerial vehicles have been studied and validated in [11] .
Because distributed synchronization of MRS-s demands inter-robot information exchanges which are practically constrained by the inter-robot distances [4] , robot teams with limited communication range need coordination strategies with guaranteed connectivity maintenance. Most existing work focuses on preserving the connectivity of fully autonomous MRS-s during coordination. For kinematic MRSs, gradient-based controllers derived from unbounded [12] The authors are with the Department of Mechanical Engineering, University of Victoria, Victoria, BC V8W 2Y2 Canada (e-mail: yangyuan@uvic.ca; danielac@uvic.ca; yshi@uvic.ca). [15] or bounded [16] - [19] potentials can drive teams of single-integrator and nonholonomic robots to consensus with local connectivity maintenance while accounting for disturbances [20] , Lipschitz nonlinearities [21] and obstacles [22] , [23] . Topics of recent interest include intermittent connectivity [24] , [25] , strong connectivity in directed graphs [26] , robustness and invariance of connectivity maintenance with additional control terms [27] , and the tradeoffs among bounded controls, connectivity maintenance and additional control objectives [28] . For double-integrator MRSs, minimization of their total, potential and kinetic, energy has yielded connectivity-preserving strategies in [29] , [30] . Leader-follower coordination with connectivity preservation for double integrators [31] - [34] and Euler-Lagrange (EL) networks [35] , [36] has also been achieved. Disturbances in rendezvous [37] , flocking [38] and formation tracking [39] of double-integrator MRS-s can be suppressed by robust control techniques. The decentralized algebraic connectivity estimation in [40] - [42] leads to global connectivity preservation during cooperative control of MRS-s.
For semi-autonomous MRS-s, existing work employs passivity-based control for both global [4] , [43] and local [7] connectivity preservation. A potential function of the estimate of the algebraic connectivity of the swarm teleoperation system yields gradient-based controls that preserve global connectivity in [4] . Its extension in [43] regulates the degree of connectivity of the remote group of robots. The algebraic connectivity is obtained by the algorithm in [44] , and the effectiveness of the designed controls and the safety of the teleoperated swarm rely on the accuracy and convergence rate of the connectivity estimates [45] , [46] . As discussed in [28] , the error in the connectivity estimates foils the ability to mitigate perturbations of global connectivity control even for first-order MRS-s. A potential function of relative distances between virtual kinematic points yields controls that are proven to maintain only the local connectivity of the virtual system in [7] . The control Lyapunov function used to validate the feasibility of human-swarm interaction controls in [47] provides no explicit connectivity-preserving swarm teleoperation control strategies.
A key characteristic of swarm teleoperation systems is that they are driven by external forces from human operators and, thus, are semi-autonomous. As driving forces, the external operator forces are different than the disturbances considered in autonomous systems and require a novel treatment in connectivity-preserving swarm teleoperation strategies. This paper responds to the need for a unique methodology for treating the driving user forces by restricting their impact on the slave swarm in a manner that prevents them from endangering arXiv:1810.08267v1 [math.OC] 18 Oct 2018 the connectivity of the overall system but retains their driving role to the extent possible. The main contribution of the paper is a constructive dynamic coupling and damping injection law for swarm teleoperation with connectivity preservation. Similar to conventional position-position bilateral teleoperation [48] , [49] , the proposed constructive strategy assumes that the master is coupled to several informed slave robots through their position errors. Customized potential functions, dependent on inter-slave distances, quantify the energy stored in the swarm links and yield connectivity-preserving controls. Allocation of a safety margin to the energy injected by the user and stored in the master-informed slave connections, together with an offline linear program which yields the corresponding master-informed slave coupling gains, prevent the negative impact of the operator force from propagating to the slave swarm through the master-informed slave couplings. Pivotal in the proposed design is the proper limiting of the userinjected energy. Transformations of the system dynamics by indirect and direct model reduction methods and rigorous Lyapunov energy analysis form the core of the novel strategy for dynamically regulating the inter-connections and the local damping of the slave robots. The new control law explicitly updates the control gains to confine the impact of the operator on the slave swarm to a domain that does not endanger system connectivity and, thus, guarantees connectivity-preserving swarm teleoperation. The updating law is a distributed control policy, as it uses only local velocity and inter-robot distance information.
II. PROBLEM FORMULATION Consider a swarm teleoperation system that comprises one master robot and N slave robots, as illustrated in Figure 1 . The slave group includes N l informed slave robots whose communications with the master robot are not limited by distance. Between themselves, the slave robots can exchange information only when they are within r distance of each other. An operator can command the group of slave robots to fly to a desired point through operating the master robot. Let the swarm teleoperation system be a network of ndegrees-of-freedom (n-DOF) Euler-Lagrange (EL) systems:
In Equation (1): δ 0 (i) = 1 if i = 0, and δ 0 (i) = 0 otherwise; the subscript i = 0 indicates the master robot, and i = 1, · · · , N index the N slave robots in which the first N l robots are the informed slaves at t = 0; The dynamics (1) have the following properties, for all i = 0, 1, · · · , N : 1. The inertia matrices M i (q i ) are symmetric, positive definite and uniformly bounded by:
where Φ i (q i ,q i , x ri ,ẋ ri ) are regressor matrices of known functions, and θ i ≤ θ i ≤ θ i are constant vectors containing system parameters. Let G(V, E) be the undirected communication graph of the slave group. The vertex set V = {1, · · · , N } collects all slave robots. The edge set E = {(i, j) | q i − q j < r} includes all communications links in the slave team. The set N i = {j | (i, j) ∈ E} is the set of slave robots which are adjacent, or neighbours, to slave i.
The communication graph G * (V * , E * ) of the overall teleoperation system is also assumed undirected. Without loss of generality, let the first N l slave robots be the informed slaves who can exchange information with the master at t = 0. Then, V * = V ∪{0} and E * = E ∪{(0, 1), · · · , (0, N l )} are the vertex set and edge set of the teleoperation system. They include the master robot 0, and the master-informed slave communication edges (0, k), respectively. Correspondingly, N * i is the set of neighbours of robot i in G * . For example, at time t = 0,
Let all slave robots have the same communication radius r. Then (i, j) ∈ E at time t if and only if the slave robots i and j are within communication distance of each other, q ij = q i − q j < r, and agree to exchange information. If the slave robots i and j are not adjacent initially, (i, j) / ∈ E(0), then no new link (i, j) is established when the they move within communication distance of each other at some later time. In other words, if
is a connected subgraph that contains all vertices and the minimum number of edges, i.e., V † = V * and |E † | = N . Because G * is connected if it contains at least one spanning tree, this paper proposes a strategy that provably maintains one particular spanning tree G † of G * . Future research will take advantage of switching spanning trees for connectivity-preserving swarm teleoperation.
The connectivity-preserving swarm teleoperation problem addressed in this paper can then be formulated as: Problem 1. Given the teleoperated swarm system (1), find control laws to drive the system such that:
1. The velocities of, and position errors between, the master robot and all slave robots are bounded in the presence of the user force, i.e.,q i ∈ L ∞ and q i − q j ∈ L ∞ for all i, j ∈ V * when f h = 0; Remark 1. The first two objectives are similar to those of conventional bilateral teleoperation systems [49] . Bounded position error between the master and slave sides in the presence of the user force indicates that the human operator commands the motion of the slave team. Convergence to the same configuration in the absence of the user force ensures that the user can drive the slave group to a desired configuration by operating the master robot. The last objective indicates that this paper maintains system connectivity by preserving a selected spanning tree G † of G * .
Remark 2.
The external operator force f h makes the teleoperated swarm (1) semi-autonomous, and distinguishes its control from the control of autonomous MRS-s and leader-follower systems.
1) Compared to the external inputs of autonomous MRSs, which are disturbances to be rejected, f h drives the teleoperated swarm to the desired configuration. The swarm teleoperation controller cannot reject it. Yet, f h is unpredictable and may endanger connectivity, unintentionally or maliciously. Therefore, the gist of the proposed control policy is to let f h drive the system to the extent to which f h does not threaten its connectivity. 2) Compared to the external input of leader-follower systems, which generates the leader control signal, f h is a master input additional to the master control. Moreover, f h affects the motion both of the master and of the slave group because the bilateral controller spreads its impact to the slave side. On the contrary, followers are controlled to track the motion of the leader and leader-follower MRS-s are completely self-controlled.
The following assumptions on the system configuration and on the user force are adopted in this paper.
Assumption 1. The communication graph G
* of the overall system is initially connected and each pair of initially adjacent slave robots (i, j) ∈ E is strictly within their communication distance, i.e., q ij (0) ≤ r − for some > 0. Remark 3. Assumption 1 is widely-used in connectivity preservation of fully autonomous MRS-s, see Remark 1 in [50] . Assumption 2 guarantees feasibility of the problem formulation [50] . Compared to teleoperation controllers that assume a passive operator [49] , the teleoperation policy in this paper assumes only a bounded user force and should apply to more general systems.
Remark 4. Assumption 1 guarantees that at least one slave is informed and can exchange information with the master independent of their inter-distance, i.e., N l ≥ 1. However, the subgraph G induced by slave robots need not be connected. For example, in a teleoperated swarm with N = 4 slave robots, the graph G * of the overall system with
The associated weighted adjacency matrix A = [a ij ] of the spanning tree G † is defined by: 
III. MAIN RESULTS
This section develops, in three steps, a control policy that enables a human operator to drive a teleoperated swarm to a desired configuration without endangering its connectivity. The first step introduces a safe energy allocation strategy based on a specified potential function. The second step employs indirect model reduction to limit the user-injected energy within the apportioned safety margin. The third step transforms the teleoperated swarm dynamics through direct model reduction to simplify the design of the controller, and demonstrates the principle of dynamic coupling and damping injection in connectivity-preserving swarm teleoperation.
A. Energy Storage Allocation
To account for the limited distance r of inter-slave communication, let the following bounded potential function quantify the energy stored in each slave-slave connection (i, j) ∈ E:
where α and β are positive constants to be determined, and its gradient with respect to q i is:
Select a spanning tree G † in the communication graph G * of the overall system. Let V † sl ⊆ {1, · · · , N l }, with cardinality N † sl , be the set of slave robots in G † that are adjacent to the master robot 0.
be the graph obtained from G † by deleting vertex 0 and all edges incident to it, see Figure 2 . For a swarm teleoperation system with communication graph G * , all edges of the subgraph G are limited by the communication distance r of the slave robots. This paper seeks to preserve the connectivity of the teleoperated swarm by maintaining all links in the selected spanning tree G † . As all (0, k) ∈ E † are independent of the distance between the master 0 and the informed slave k, connectivity preservation for the teleoperated swarm becomes the problem of preserving all links in G ‡ . Using Assumption 1, the energy Ψ ‡ (0) stored in the subgraph G ‡ at time t = 0 is bounded by:
if β satisfies:
where m = |E ‡ (0)| is the size of the initial subgraph G ‡ . Let Ψ † (t) be the energy stored in the spanning tree G † of the overall system. The maximum energy stored in all masterinformed slave links (i, j) ∈ E † − E ‡ in the spanning tree G † is:
Then, the gains P ij (q ij ) = P ji (q ji ) of all master-informed slave couplings (i, j) ∈ E † − E ‡ should be selected to obey:
Let an auxiliary variable ψ k upper bound the energy storage in each master-informed slave link (0, k) ∈ E † and reformulate the master-informed slave coupling constraint (7) as:
where 0 < < E ms is a safety margin that limits the userinjected energy. Choosing the coupling gains of all masterinformed slave links (0, k) ∈ E † in the form P 0k (q 0k ) = β k I with β k > 0 constant, transforms the constraint (8) to:
Now let:
yields the maximum constant gains β k , k ∈ V † sl , for which the diagonal master-informed slave couplings P 0k (q 0k ) obey the energy storage constraint (7).
sl } is the set of feasible master-informed slave coupling gains; and P 0k (q 0k ) need not be constant on {q 0k | q 0k > q 0k (0) }. For simplicity, P 0k (q 0k ) is constant in this paper.
B. Indirect Model Reduction
For each robot, define a surface s i by:
where i = 0, · · · , N indexes the robots, ζ > 0, N † i is the set of neighbours of robot i in G † , and:
Then, the following control strategy will synchronize the teleoperated swarm master while preserving its connectivity:
, (13) with κ i , γ i and µ i are positive constants to be determined. By the fourth property of (1), the closed-loop dynamics of the swarm teleoperation system (1) under the control (13) are:
whereθ i = θ i −θ i are estimation errors of system parameters. The Lyapunov candidate adopted to validate connectivitypreserving swarm teleoperation is:
where ψ(q ij ) have been defined in (2) for slave-slave couplings, and in (7) for master-informed slave couplings. By the second property of (1), the derivative of V is:
because the parameter update lawθ i guarantees that:
and the symmetry of P ij (q ij ) = P ji (q ji ) and connectedness of G † yield:
Simple algebraic manipulations further lead to:
and to the following bounding ofV :
The following lemma is key to proving that the strategy (13) limits the user-injected energy appropriately for connectivity maintenance:
Lemma 4. Given a spanning tree G † of the teleoperated swarm (1) under the control (13), the following inequality holds:
Proof. The definition of the weighted L(q) implies that:
T . Then, the left-hand side of (22) becomes:
which, by Lemma 3, can be transformed to:
† is a spanning tree, and has smallest eigenvalue λ L by Lemma 2. Therefore, (25) can be lower-bounded by:
Let p max and p min be the maximum and minimum eigenval-
‡ }, respectively. Using Lemma 4, (21) can be rewritten as:
where ρ > 0 and:
by selecting:
(29) Time integration ofV yields:
From the definition of V , the connectivity of the teleoperated swarm is maintained if V (t) < αr 2 β . By (10), (28) and Assumption 2, a sufficient condition for V (t) < αr 2 β is:
Remark 6. Because the energy (2) stored in each slave-slave link (i, j) ∈ E ‡ is continuous and strictly increasing with respect to q ij 2 on {q ij | 0 ≤ q ij < r}, maintaining the slave-slave link (i, j) is equivalent to making ψ(q ij ) < β is a sufficient condition for connectivity preservation because all terms in V are nonnegative on I = {q | 0 ≤ q ij < r ∀(i, j) ∈ E ‡ }. Assumption 2 together with (30) and (31) imply that V (t) < αr 2 β for any t ≥ 0. Therefore, all links in G † are preserved.
Synchronization can be concluded from (21) . From (22) , it follows thatq i and q i − q j are bounded for all i, j = 0, · · · , N . In the absence of f h , (21) 31) and the third inequality in (29); 3. make κ i large enough to ensure the first inequality in (29) .
By the definition of e i in (11), the controllers u i in (13) employ only links in the selected spanning tree, i.e., (i, j) ∈ E † . However, the communication graph G * of the teleoperated swarm may contain more links, i.e., E † ⊂ E * , see Figure 2 . Using more communication links for connectivity-preserving swarm teleoperation control may strengthen robustness and accelerate synchronization. To this end, consider a new position error variableê i for each robot i:
with: e i defined in (11); P ij (q ij ) continuous and positive definite matrices that render the potential functions ψ(q ij ) convex on I; and Sat ij (·) are differentiable vector-valued saturation functions bounded by s ij . Correspondingly, consider a new surface s i for each robot i:
and the redesign of the controllers (13) for connectivitypreserving swarm teleoperation with additional links:
Remark 8. Becauseê i in (32) utilize additional links from E * − E † , the coupling forces due to the additional links could potentially endanger the connectivity of the spanning tree G † . Vector-valued saturation functions are therefore adopted in (32) to limit the impact of the additional couplings on G † .
The same Lyapunov function (15) , which measures only the energy stored in the links of the spanning tree G † , validates the performance of the teleoperated swarm under the control (34) . By a similar analysis, the derivative of the Lyapunov function is:
whereẽ i =ê i − e i are couplings from (i, j) ∈ E * − E † . Simple algebraic manipulations lead to:
with 0 < σ i < 1 are to be determined, and further to:
with 0 < α i < 1 and β i > 0 constants. Then,V can be upper-bounded by:
where ω > 0. Using Lemma 4, (38) can be re-arranged as:
after selecting:
for all i = 0, · · · , N . The last two terms in (40) are bounded by constants after choosing the parameters ρ, η, ω, γ 0 and ζ. The term dependent onẽ T iẽ i is a scaling of the coupling forces caused by links in E * − E † and, thus, is function of inter-robot distances. This term clarifies the role of the vector-valued saturation Sat ij (·) in (32): it bounds by s ij the coupling force due to link (i, j) ∈ E * − E † . Therefore, similar to (31), (39) implies connectivity preservation if:
where deg * † (i) is the cardinality of N * i − N † i . The proof of synchronization is the same as before, and is omitted. 
by choosing ζ < 4β i . Parameter values that guarantee (41) and (42) can be chosen as follows:
1. select µ i , 0 < α i < 1, β i and 0 < ζ < 4β i heuristically, then choose γ i large enough to guarantee (43) and
2γi · e i (0) 2 < ; 2. let 0 < σ i < 1 and make ρ small enough to ensure the third condition in (41); 3. choose ω, η and s ij to satisfy (42), then set κ i to satisfy the first condition in (41).
Remark 10. The indirect model reduction approach transforms the dynamics (1) into the first-order passive dynamics (14) through the regressor matrix-based adaptive compensation terms Φ i (q i ,q i , e i ,ė i )θ i in (13) . This approach is inspired by the classical Slotine-Li adaptive control [52] of EL systems. Unique to connectivity-preserving control of semi-autonomous teleoperated swarms are the last tree terms −κ i s i − γ iqi − µ i e i in u i in (13) . Lemma 4 and rigorous stability analysis, proving that the impact of the external operator force can be confined to a safe set such that connectivity of the system can be maintained by proper selection of the control gains κ i , γ i and µ i , are a contribution of this paper.
Remark 11. The regressor matrix-based adaptive compensation terms (34) require online updating of the parameter estimateŝ θ i , computed through integration and based on the robots exchanging both position and velocity information. The next subsection eliminates the need for regressor matrices through a direct model reduction approach.
C. Direct Model Reduction
Using the surface s i and error vector e i in (11), the teleoperated swarm dynamics (1) can be written in the form:
where:
withṖ ij (q ij ) = 0 if i = 0 or j = 0, and:
otherwise. The proposed connectivity-preserving swarm teleoperation controller is then:
where κ i (q,q i ), γ i and µ i are positive scalar gains to be determined.
Remark 12.
Rewriting u i in the form: (48) clarifies that (47) is essentially a dynamic Proportional plus damping (P+d) strategy. The argument q of κ i is a simplified notation to indicate that each κ i depends on the positions of robot i and its neighbours. However, κ i depends only on the velocity of robot i and (47) is a distributed controller that employs only local velocity information.
The Lyapunov function which validates connectivitypreserving swarm teleoperation via the control (47) is:
Its derivative along the transformed dynamics (44) is:
If i = 0,Ṗ ij (q ij ) = 0 yields:
If i ∈ V † sl and j ∈ N ‡ i , the following inequality holds on I:
and leads to:
If i ∈ V − V † sl , the following inequality is satisfied:
where Λ 2 = η · 2 − δ 0 (i) − δ 0 (j) and:
The third property of the dynamics (1) implies that:
where ξ > 0. Then, algebraic manipulations boundV by:
(60) Inequality (60) can be re-arranged in the form:
with:
by making:
where
For simpler selection of parameters κ i (q,q i ), γ i and µ i , let γ i = γ and µ i = µ be identical for all robots. Then, conditions (63) become:
where 0 < σ < ζ. As in Section III-B, the definition of V in (49) implies that connectivity-preserving swarm teleoperation can be achieved by guaranteeing conditions (65) together with:
Suitable parameters and control gains for the controller (47) can be determined as follows:
1. choose ζ, σ < ζ, η and µ heuristically, then select γ to satisfy the second inequality in (65) and
λi2ζ 2γ e i (0) 2 < ; 2. let ρ and ξ be small enough to guarantee the third inequality in (65); 3. make ω small enough to guarantee (66); 4. choose κ i (q,q i ) to satisfy the first inequality in (65).
Remark 13. The external user force f h guides the motion of the slave swarm by driving the master robot. However, f h may endanger the connectivity of the system, for example by moving the master such that the slave swarm cannot keep up with it. The above analysis proves the interesting fact that, when properly designed, the distributed control (47) eliminates the threat posed by the operator force to connectivity. Condition (65) on κ i (q,q i ) exposes the uniqueness of the proposed design, especially in the P+d form (48) of the control (47) . Namely, the design strengthens the couplings between slave robots based on their relative distance and simultaneously increases the local damping injection in the slave swarm based on the robot velocity. To the authors' best knowledge, the control (47) is the first strategy to address connectivity-preserving swarm teleoperation with a state-dependent updating law of the coupling and damping gains, and is the main contribution of the paper.
For a teleoperated swarm whose communication graph contains more edges than a spanning tree, the following control exploits additional communication links:
whereê i and s i are defined in (32) and (33), respectively. After trasnsforming the system dynamics (1) to:
connectivity-preserving teleoperation can again be validated by the Lyapunov candidate (49), which measures the energy stored only in the edges of the spanning tree G † . Under the control of (67), the derivative of V along (68) becomes:
The definition ofê i in (32) yields:
where Φ † (j) = I if j ∈ N † i , and Φ † (j) is the Jacobian matrix of Sat ij :
Further, the third property of (1) together with (36) imply that:
If i = 0,Ṗ ij (q ij ) = 0 leads to:
If i ∈ V † sl ,Ṗ i0 (q i0 ) = 0 implies that:
sl , the following inequality is satisfied:
(74) Thus, s T i M i (q i )ė i can be upper bounded by:
Together, (37) , (69), (71) and (75) lead to the following upper bounding of the derivative of V :
(78) Selecting κ i (q,q i ), γ i and µ i to guarantee that:
After letting γ i = γ be identical for all robots i = 0, · · · , N for simpler design, condition (79) becomes:
if ζ < 4β i . Time-integration ofV indicates that connectivity can be maintained by guaranteeing condition (82) and:
Suitable parameters and gains for the control (67) can be selected as follows:
1. choose α i < 1, β i , σ i < 1, η and µ i heuristically, let ζ < 4β i and select γ to satisfy the second inequality of (82) and
λ i2 e i (0) 2 < ; 2. choose ρ, ξ, s ij and ω small enough to guarantee the third inequality of (82) and condition (83); 3. make κ i (q,q i ) large enough to satisfy the first condition in (82).
Remark 14.
As in Section III-B, the coupling forces due to links (i, j) ∈ E * − E † not contained in the selected spanning tree G † are regarded as perturbations of the teleoperated swarm. Define a state variable
that incorporates the velocity of every robot and the position error between each pair of adjacent robots in the spanning tree G † . Time integration ofV in (80) shows that the system is exponentially input-to-state stable [53] with input χ(ẽ, f h ) and state x. However, connectivity preservation in the presence of limited communication distance of slave robots requires the system state to be confined to a feasible set that renders I forward invariant. The definition of V together with condition (83) guarantees appropriate confinement. Given a safety margin , the perturbations, user force and coupling forces due to inter-robot couplings (i, j) ∈ E * − E † are appropriately limited by (83). Thus, the semi-autonomous swarm teleoperation system is practically stable [54] under constantly acting perturbations.
Remark 15. The indirect and direct model reduction strategies in this paper tackle connectivity-preserving swarm teleoperation by transforming the system dynamics (1) to firstorder passive dynamics with inputs u i and outputs s i . The transformations are inspired by classical feedback passivation, see [55] . However, rather than directly compensating the system dynamics through control, the paper incorporates regressor matrix-based adaptive compensation terms in the indirect model reduction approach to both deal with system uncertainties and achieve connectivity-preserving swarm teleoperation. More importantly, the paper develops a dynamic coupling and damping injection law that achieves the control objectives without compensation of system dynamics. Therefore, the direct model reduction strategy overcomes model uncertainties and provides a much simpler controller design.
IV. SIMULATIONS
This section validates the proposed dynamic coupling and damping injection strategy through simulations of a teleoperated swarm with N = 5 slave robot arms. All robots are 2-DOF planar manipulators with link masses m = 0.5 kg and lengths l = 2 m, and λ i2 = 12 and c i = 3.5 can be set. To maintain end-effector connectivity, the controllers are designed in task space. The master and 5 slave robots start from rest, from the joint space configurationsq 0 = [3π/5, 3π /10] T ,
T . The first two slave robots can exchange information with the master. The inter-slave communication distance r = 2 m and = 0.7 is selected. The initial communication graph G * of the overall system is shown in Figure 3 . The human operator is modelled as a spring-damper that guides all end-effectors to the desired point
T using limited user force
, where P h = 1000I, K h = 100I and f = [5, 5] T . Choosing α = 1 and β = 0.2 satisfies condition (5) and E ms = 16.6. In [29] , the conventional gradient-based controller with damping injection u i = −κ j∈Ni ∇ i ψ(q ij ) − γq i with κ = γ = 2 can achieve connectivity-preserving synchronization of the slave team in the absence of the user force. However, when the slave group is connected to the master robot with P 01 = P 02 = 50I, connectivity of the system is threatened. In Figure 4(a) , the x-coordinates of the master (x 0 ) and two informed slave robots (x 1 and x 2 ) converge to −2, while the x-coordinates of the other three slave robots (x 3 , x 4 and x 5 ) are synchronized at about 2.5. Similarly, the y-coordinates of the first three robots i = 0, 1, 2, and of the last three robots are driven to 2 and 1.4, respectively, see Figure 4 (b). This performance means that the communication links (1, 5) , (2, 3) and (2, 4) are broken, and the system has become disconnected. It indicates that conventional gradient-based control [29] cannot preserve the connectivity of the simulated teleoperated swarm . The dynamic coupling and damping strategy seeks to maintain the spanning tree G † with edge set E † = {(0, 2), (2, 3) , (3, 4) , (4, 5) , (5, 1)}. Hence, the second smallest eigenvalue of the unweighted Laplacian is λ L = 0.268. After setting = 11 and d = 0.1, the master-informed slave coupling gain β 2 = 0.435 is obtained by solving (10) . The first step in Remark 7 leads to the choice ζ = 1, µ i = 25, γ i = 100. Given that p max = 210 and p min = 0.435, ρ = 10 −4 , ω = 0.002 and η = 30 guarantee condition (31) and the third inequality in (29) . Then, let κ 0 = 150 and κ i = 50 for i = 1, · · · , 5 to meet the first condition in (29) . Figure 5 depicts the task space paths of all robot end effectors under the control of (13) . In this figure, black lines connect initially adjacent robots in the selected spanning tree G † . Because the adaptive controller (13) preserves the connectivity of the system, all slave robots are driven to the desired point q d by operating the master manipulator. The selected spanning tree G † can also be maintained by the controller (47) . After setting ζ = 2, σ = 1, η = 5 and µ = 200, the second inequality in (65) is satisfied by selecting γ = 100. The third condition in (65) is guaranteed by choosing ρ = 10 −4 and ξ = 6, and condition (66) is satisfied by letting ω = 0.0038. The dynamic control gains κ i (q,q i ) are then updated online according to the first inequality in (65). The task space paths of the robot end effectors under the control of (47) are shown in Figure 6 . All robots converge to about [2, 1.5] T first. Then, they are driven to the desired point q d together. This result illustrates that connectivity-preserving swarm teleoperation is achieved under the control of (47).
V. CONCLUSIONS
This paper has presented a dynamic coupling and damping injection law for connectivity-preserving swarm teleoperation. A first step in the proposed strategy allocates a safety margin to the energy injected by the user and stored in the masterinformed slave links, based on a specified potential function. A linear program then yields the corresponding stiffness of each master-informed slave coupling. A second step of the strategy uses regressor matrices to partially compensate the teleoperated swarm dynamics and to transform them to firstorder passive dynamics through adaptive techniques. Then, the impact of the user force on the slave swarm can be sufficiently constrained to preserve all the links in a selected spanning tree by appropriate dynamic selection of the stiffness and damping of the couplings between adjacent slave robots. However, the online updating of the estimates in the adaptive compensation terms require the robots to exchange both positions and velocities. The paper then side-steps the need for velocity exchanges by proposing a direct model reduction technique which does not use adaptive compensation. The transformation of the system dynamics and the rigorous energy analysis form the main contribution of this paper: the conclusion that connectivity-preserving swarm teleoperation can be achieved by dynamic regulation of the inter-robot couplings and of the local damping injections. Future research will consider connectivity-preserving swarm teleoperation with limited actuation.
